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Spacecraft formation ﬂyingAbstract To synchronize the attitude of a spacecraft formation ﬂying system, three novel auton-
omous control schemes are proposed to deal with the issue in this paper. The ﬁrst one is an ideal
autonomous attitude coordinated controller, which is applied to address the case with certain mod-
els and no disturbance. The second one is a robust adaptive attitude coordinated controller, which
aims to tackle the case with external disturbances and model uncertainties. The last one is a ﬁltered
robust adaptive attitude coordinated controller, which is used to overcome the case with input con-
straint, model uncertainties, and external disturbances. The above three controllers do not need any
external tracking signal and only require angular velocity and relative orientation between a space-
craft and its neighbors. Besides, the relative information is represented in the body frame of each
spacecraft. The controllers are proved to be able to result in asymptotical stability almost every-
where. Numerical simulation results show that the proposed three approaches are effective for atti-
tude coordination in a spacecraft formation ﬂying system.
ª 2014 Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA.1. Introduction
The problems of attitude coordinated control of spacecraft
formation ﬂying (SFF) have been studied intensively during
the past decades. Deep space exploration, Earth monitoring,
in-orbit servicing, and military operations are involved in thepotential applications of attitude coordinated control of
SFF. Attitude coordinated control indicates controlling a ﬂeet
of spacecraft so that their orientations and angular velocities
converge to equal asymptotically. A common reference is
usually needed in some literatures1–6 to synchronize the atti-
tude of spacecraft. Generally speaking, it is called cooperative
attitude tracking1 if all the spacecraft are synchronized to a
common reference trajectory. However, attitude coordination
using local relative information is more challenging. In this
condition, a spacecraft can only measure the relative attitude
and angular velocity to its neighbors in the body frame, and
no common reference trajectory is considered. This situation
is more realistic because the availability of a common reference
may be difﬁcult to obtain in many cases.
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have been proposed, including multi-input multi-output, lea-
der-follower, virtual structure, and behavioral approaches.2–11
However, external disturbances and model uncertainties are
not considered simultaneously in these literatures. Jin et al.12
proposed robust decentralized attitude coordination control-
lers of SFF to deal with external disturbances and model
uncertainties. Nevertheless, the stability analysis is compli-
cated and the parameters of the controllers are restricted
strictly. Liang et al.13 put forward an attitude coordinated con-
troller considering external disturbances and parameter uncer-
tainties by using sliding mode control, but the chattering
problem of sliding mode control may appear due to the sign
function in the controller. Zhang et al.14,15 presented robust
attitude coordination and six degree-of-freedom coordination
controllers of SFF to tackle external disturbances, model
uncertainties, and communication delays. Zou and Kumar16
examined robust attitude coordination control for SFF under
actuator failures and obtained uniformly ultimately bounded
stability of the closed-loop system. Li and Liu17 proposed atti-
tude synchronization schemes with communication delays,
model uncertainties, disturbances, and actuator saturation
was also considered by selecting control gains appropriately.
Abdessameud et al.18 solved leaderless and leader-follower
attitude synchronization problems with time delay using a vir-
tual system approach. Zou and Kumar19 designed observers
with ﬁnite-time convergence to obtain distributed output feed-
back coordinated controllers, however, the communication
topology graph was restricted with a hierarchical structure.
Another practical problem in attitude coordinated control of
SFF is the input constraint. The actuators of spacecraft can usu-
ally afford limited control torque, so it is necessary to design a
controller considering the input constraint. Backstepping control
with a command ﬁlter20 is an effective tool to overcome the input
constraint problem. This ﬁlter structure can provide bounded
output signals, which is helpful to conquer the input constraint
problem.By incorporating the commandﬁlter,Farrell21 andSon-
neveldt22 et al. solved the input constraint problem in adaptive
ﬂight control design. However, the design procedures are only
applicable for a particular model in these literatures. Li et al.23
presented an adaptive backstepping controller for optimal des-
cent tracking. Recently, Lv et al.24 proposed backstepping-based
synchronized control schemes for SFF with coupled attitude and
orbit, input constraint, and parameter uncertainties. Meanwhile,
it should be noted that autonomous attitude coordinated control
of SFF with input constraint, model uncertainties, and external
disturbances, was not considered.
Quaternions are usually adopted in attitude control of space-
craft. However, the mapping from S3 (three-sphere) to SO(3)
(three-dimentional special orthogonal group) is two-to-one due
to the parameterization of the attitude by the quaternions. This
property may lead to an unwinding phenomenon25 in attitude
control with quaternions. Such a phenomenon is highly undesir-
able from the viewpoint of fuel consumption and vibration sup-
pression. A quaternion-based hybrid control approach26 of
SFF is adopted to overcome unwinding, but the controller is dis-
continuous. Recently, researchers have investigated attitude
coordinated control developed directly on SO(3) to conquer the
unwinding with quaternions. Wang and Xie27 presented an atti-
tude synchronization approach with time delays. Lee28 derived
the exponential stability of attitude tracking control directly
developed on SO(3) with strict Lyapunov stability analysis. Arobust adaptive attitude tracking control method based on
SO(3) was established in Ref.29, and the controllers were applied
to the experiment of attitude control of a quadrotor unmanned
aerial vehicle. However, autonomous attitude coordinated con-
trol of SFF using SO(3) has seldom been presented.
In this paper, we investigate the autonomous attitude coordi-
nated control problem of SFF using local information. The
qualiﬁer ‘‘autonomous’’ refers to that no leader or no external
reference tracking exists in the SFF system. This assumption
may increase robustness and lower cost when the orientation
in the inertial frame is not relevant.30 We use the backstepping
technique and the relative attitude error resolved in SO(3) to
solve the attitude coordinated control problem in this study.
Autonomous attitude coordinated controllers are proposed in
three cases, which are the ideal case, the case with model uncer-
tainties and external disturbances, and the case with input con-
straint, model uncertainties, and external disturbances. Only
angular velocity and local information of relative attitude
expressed in the body frame are used in these controllers.
Besides, by using LaSalle’s invariance principle, it is proven that
asymptotical convergence of the closed-loop system can be
achieved with the presented controllers under some conditions.
2. Mathematical model and preliminaries
2.1. Spacecraft attitude model based on rotation matrix
The attitude dynamics and kinematics equations of the ith
spacecraft are given as28–31
Ji _xi ¼ xi Jixi þ si þ di ð1Þ
_Ri ¼ Rix^i ð2Þ
where i= 1, 2,. . ., n; Ji 2 R3·3 is the inertia matrix of the space-
craft; xi 2 R3 is the angular velocity resolved in the body frame;
si 2 R3 anddi 2 R3 are the control torque and the disturbance tor-
que, respectively; Ri 2 SO(3) is the rotation matrix that trans-
forms the body frame into the inertial frame. The hat map 
transformsa vector inR3 toa 3 · 3 skew-symmetricmatrix so that
(x)y= x · y. The inverse of the hat map is denoted by  which
transformsa 3 · 3 skew-symmetricmatrix toa 3-dimensional vec-
tor. Several properties of the map  are given as follows:28
trðAðxÞ^Þ ¼ 1
2
tr½ðxÞ^ðA ATÞ ¼ xTðA ATÞ_ ð3Þ
ðxÞ^Aþ ATðxÞ^ ¼ ½ðtrðAÞI3  AÞx^ ð4Þ
RðxÞ^RT ¼ ðRxÞ^ ð5Þ
where, for any x 2 R3, A 2 R3·3, and R 2 SO(3), tr(Æ) is the
trace of a matrix. We need to design controllers to synchronize
the attitude of spacecraft, namely, Riﬁ Rj, xiﬁ xj as tﬁ1.
2.2. Basic graph theory
Weighted undirected graphs can be used to describe local
information exchanges between spacecraft within a forma-
tion.3,4 A weighted undirected graph G= (m,1,C) is composed
of a node set m= {1, 2, . . . , n}, an edge set 1 ˝ m · m, and a
weighted adjacency matrix C. If there exists information
transmission from the jth node to the ith node, then there is
an edge from the jth node to the ith node, denoted as (i,
j) 2 1. In an undirected graph, if (i, j) 2 1, then (j, i) 2 1. The
604 Z. Zheng, S. Songelements of the adjacency matrix C are deﬁned as cij = cji > 0
if (i, j) 2 1 and i „ j, otherwise cij = 0. An undirected graph is
called connected if there is always a path between any two
nodes. An undirected path is a sequence of edges in an undi-
rected graph with the form (i1,i2), (i2,i3),. . .,(in1,in). A tree is
a graph in which each pair of nodes is connected by only
one undirected path.
3. Attitude coordinated control with ideal conditions
In this section, Section 3 we assume that di = 0 and the inertia
matrix of spacecraft is known. The aim is to design a controller
to synchronize the attitude of spacecraft. In this sense, the
spacecraft should have the equivalent rotation matrix eventu-
ally, i.e., Riﬁ Rj as tﬁ1. In previous works,3–8,16 quater-
nions of all the spacecraft converge to the same value. This
is not equivalent with attitude consensus because the mapping
from S3 to SO(3) is two-to-one, in other words, the unit qua-
ternions q and q correspond to the same attitude matrix. In
this section, we present a solution to the attitude coordination
problem, using the backstepping concept to design controllers
based on local relative information represented in the body
frame. We also provide a stability analysis of the resulted
controllers.
Backstepping is a recursive nonlinear control design
approach. Its idea is to use part of system states as virtual con-
trols to guarantee the stability of each recursive step. The atti-
tude error between the ith and jth spacecraft is deﬁned as30
eij ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
tr I3  RTj Ri
 r
ð6Þ
We can see 0 6 eij 6 2 and eij = 0 only when Ri= Rj.
Step 1. The ﬁrst step in backstepping involves control of the
attitude error of spacecraft by introducing the virtual angular
velocity. The ﬁrst Lyapunov function candidate is selected as
V1 ¼ k1
2
Xn
i¼1
Xn
j¼1
cije
2
ij ð7Þ
where k1 > 0 is a constant, and cij is the element of the adja-
cency matrix with the weighted undirected graph.
From Eqs. (3)–(5), the derivative of V1 can be obtained as
_V1 ¼ k1
2
Xn
i¼1
Xn
j¼1
cij tr x

j R
T
j Ri  RTj Rixi
 h i
¼ k1
2
Xn
i¼1
Xn
j¼1
cij x
T
i R
T
j Ri  RTi Rj
 _
 xTj RTj Ri  RTi Rj
 _ 
ð8Þ
the virtual angular velocity is designed as
xei ¼
Xn
j¼1
cij R
T
i Rj  RTj Ri
 _
ð9Þ
xej ¼
Xn
i¼1
cji R
T
j Ri  RTi Rj
 _
ð10Þ
and the error between xi and xei is
zi ¼ xi  xei ð11Þ
From Eqs. (8)–(11), it can be shown that_V1 ¼ k1
2
Xn
i¼1
ðzi þ xeiÞTðxeiÞ  k1
2
Xn
j¼1
ðzj þ xejÞTxej
¼ k1
Xn
i¼1
xTeixei  k1
Xn
i¼1
zTi xei ð12Þ
Step 2. The attitude dynamics of Eq. (1) is considered now, and
the angular velocity xi should be stabilized by designing the
control torque si. Another Lyapunov function candidate is
chosen as
V2 ¼ V1 þ 1
2
Xn
i¼1
zTi Jizi ð13Þ
The corresponding controller si is designed as
si ¼ xi Jixi þ Ji _xei þ k1xei  k2zi ð14Þ
So it is obtained that
Ji _zi ¼ Ji _xi  Ji _xei ¼ xi Jixi þ si  Ji _xei
¼ k1xei  k2zi ð15Þ
Now the derivative of V2 can be written as
_V2¼ _V1þ
Xn
i¼1
zTi Ji _zi
¼k1
Xn
i¼1
xTeixeik1
Xn
i¼1
zTi xeiþ
Xn
i¼1
zTi ðk1xeik2ziÞ
¼k1
Xn
i¼1
xTeixeik2
Xn
i¼1
zTi zi ð16Þ
So far, a standard backstepping control scheme is pre-
sented. Further stability analysis will be carried out by LaSal-
le’s invariance principle in Theorem 1.
Theorem 1. Suppose the spacecraft form a tree network, and the
initial relative attitude of the ith and jth spacecraft satisﬁes
tr RTj Ri
 
–  1 ð17Þ
where, for any (i,j) 2 1, 1 6 i, j 6 n. Then the controller Eq.
(14) results in attitude coordination of the SFF system Eqs. (1)
and (2), i.e., Riﬁ Rj and xiﬁ 0 for any 1 6 i, j 6 n as tﬁ1.
Proof. Choose the following Lyapunov function as
V ¼ 1
2
Xn
i¼1
zTi Jizi þ
k1
2
Xn
i¼1
Xn
j¼1
cijtr I3  RTj Ri
 
ð18Þ
We can see that the Lyapunov function is positive-deﬁnite.
It is also obvious that V= 0 when xi = 0 and Ri= Rj. From
the previous analysis, the derivative of V is given as
_V ¼ k1
Xn
i¼1
xTeixei  k2
Xn
i¼1
zTi zi ð19Þ
LaSalle’s invariance principle32 is applied to analyze the
Lyapunov stability with the controller Eq. (14). Let X be the
largest invariant set in the set X ¼ fðR1;R2; . . . ;Rn;x1;x2;
   ;xnÞ : _V ¼ 0g. On X we have xei = zi = 0, so xi = 0 from
Eq. (11) for any 1 6 i 6 n. Consequently,
xei ¼
Xn
j¼1
cij R
T
j Ri  RTi Rj
 _
¼ 0 ð20Þ
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obtain RTj Ri  RTi Rj
 _
¼ 0 for any (i, j) 2 1, 1 6 i, j 6 n. The
proof is omitted to save space. h
Now we have obtained ðRTj Ri  RTi RjÞ
_ ¼ 0 for any
(i, j) 2 1. However, it is not equivalent to Ri = Rj. Deﬁne
Rij ¼ RTj Ri, and we obtain Rij ¼ RTij from ðRTj Ri
RTi RjÞ_ ¼ 0. Notice that Rij is an orthogonal matrix with deter-
minant 1, so the eigenvalues of Rij are real numbers or paired
complex numbers of length one. Consequently, the eigenvalues
of Rij are 1, e
ih, and eih for some h 2 R. The unitary decom-
position of Rij is formulated as
Rij ¼ UHdiagð1; eih; eihÞU ð21Þ
for some unitary matrix U. From Rij ¼ RTij , we obtain
I3 ¼ R2ij ¼ UHdiagð1; ei2h; ei2hÞU ð22Þ
It follows that 2h= 2kp for some integer k. Therefore, the
eigenvalues of Rij are {1,1,1} or {1,  1,  1}. The former
means Ri = Rj while the latter means tr(Rij) =  1.
Now in the set X, xi = 0, but the system trajectory may fall
into the unexpected equilibrium point tr(Rij) = 1. We can
also see that V has a maximum value at the unexpected equi-
librium point in the set X. We will show that the unexpected
equilibrium is not stable. Consider the following scalar
function:
W ¼ k1
2
Xn
i¼1
Xn
j¼1
cijtr
1
3
I3 þ RTj Ri
 
P 0 ð23Þ
It is obvious that W= 0 when tr(Rij) = 1. In the set X,
zi = 0, and it follows that
_W ¼  _V1 ¼ k1
Xn
i¼1
xTei xei þ k1
Xn
i¼1
zTi xei ¼ k1
Xn
i¼1
xTei xei ð24Þ
By the instability theorem,32 the unexpected equilibrium
point tr(Rij) = 1 is not stable, and the expected equilibrium
point Ri = Rj is stable. From Eq. (17), we can see the initial
value of the trajectory is not the unexpected equilibrium point.
The trajectory of the system would converge to the equilibrium
point with tr(Rij) = 3 eventually. This implies attitude consen-
sus with Riﬁ Rj for any (i, j) 2 1 as tﬁ1. Now we obtain
Riﬁ Rj for any 1 6 i, j 6 n as tﬁ1 because the communica-
tion graph is a tree network topology.
Remark 1. Note that we need calculate _xei in the controller
Eq. (14) to implement attitude coordination. From Eqs. (3)–(5)
and Eq. (9), it follows that
_xei ¼
Xn
j¼1
cij x

j R
T
j Ri  RTj Rixi
 
 xi RTi Rj  RTi Rjxj
 h i_
¼
Xn
j¼1
cij R
T
j Ri R
T
i Rjxj  xi
	 
^ þ RTi Rjxj  xi	 
^RTi Rjh i_
¼
Xn
j¼1
cij trðRTi RjÞI3  RTi Rj
	 

RTi Rjxj  xi
	 

ð25Þ
From Eqs. (9) and (25), we can see that xei and _xei include
only relative angular velocity and relative rotation matrix of a
spacecraft with respect to its neighbors, and the relative infor-
mation is all resolved in its body frame. In this sense, the con-
troller Eq. (14) is autonomous.Remark 2. We can see that the ﬁnal angular velocity of a
spacecraft converges to zero from the proof of Theorem 1, and
all the spacecraft arrive at the same attitude. The attitude is
determined by the initial states of the spacecraft and the
parameters of the controller Eq. (14). In this study, we do not
care what the concrete synchronized attitude is. Our aim is to
make the relative attitude error of the spacecraft be zero
ﬁnally.
Remark 3. In Theorem 1, Eq. (17) must be satisﬁed to avoid
the unexpected equilibrium points. For any rotation matrix
Rij ¼ RTj Ri, its trace is bounded by
1 6 trðRijÞ ¼ 1þ 2 cos hij 6 3 ð26Þ
where hij is the eigenangle from Ri to Rj along some eigen-
axis. From Eq. (17), the initial eigenangle from Ri to Rj
must not be ±p for any (i, j) 2 1. We also notice that
Refs.27,30 do not involve initial constraint like Eq. (17).
However, the controller in Refs.27,30 is zero when we set
the initial angular velocity as zero and trðRTj RiÞ ¼ 1 for
some i and j, resulting in the unexpected equilibrium point.
Consequently, the attitude consensus of spacecraft is unable
to reach.4. Attitude coordinated control with model uncertainties and
external disturbances
In Section 3, we assume that external disturbances of each
spacecraft are zero, and the inertia matrix of spacecraft is
known. However, spacecraft within a formation are always
subject to various environment disturbances such as grav-
ity gradient torque, solar pressure torque, aerodynamic
torque, and magnetic torque. Moreover, the inertia matrix
of spacecraft may not be available due to measurement
uncertainty. In this section, we assume that the distur-
bance torque di „ 0 and the inertia matrix is an unknown
constant matrix. The disturbance torque di is bounded
with dMi, i.e., idii1 6 dMi.
Lemma 1. 34 For all real scalars x and all nonzero real scalars y,
it follows
0 6 jxjð1 tanhðjx=yjÞÞ 6 ajyj ð27Þ
where a is a positive constant with a minimum value a* = x*
(1  tanh x*) for x* satisfying e2x þ 1 2x ¼ 0.
Denote the inertia matrix of the ith spacecraft as
Ji ¼
J
ð11Þ
i J
ð12Þ
i J
ð13Þ
i
J
ð12Þ
i J
ð22Þ
i J
ð23Þ
i
J
ð13Þ
i J
ð23Þ
i J
ð33Þ
i
2
64
3
75 ð28Þ
Then we introduce the adaptive parameter of the ith
spacecraft
hi ¼ Jð11Þi ; Jð12Þi ; Jð13Þi ; Jð22Þi ; Jð23Þi ; Jð33Þi
h iT
ð29Þ
Deﬁne linear operators T1:R
3·1ﬁ R3·6 and T2:R3·1ﬁ R3·6
as
606 Z. Zheng, S. SongT1ðyÞ ¼
0 y1y3 y1y2 y2y3 y22  y23 y2y3
y1y3 y2y3 y
2
3  y21 0 y1y2 y1y3
y1y2 y21  y22 y2y3 y1y2 y1y3 0
2
664
3
775
ð30Þ
T2ðyÞ ¼
y1 y2 y3 0 0 0
0 y1 0 y2 y3 0
0 0 y1 0 y2 y3
2
64
3
75 ð31Þ
where y= [y1,y2,y3]
T. Then it follows xi Jixi ¼ T1ðxiÞhi and
Ji _xei ¼ T2ð _xeiÞhi. Deﬁne Hiðxi; _xeiÞ ¼ T1ðxiÞ þ T2ð _xeiÞ, so
Ji _xei þ xi Jixi ¼ Hiðxi; _xeiÞhi. Then we have
Ji _zi ¼ Ji _xi  Ji _xei ¼ xi Jixi þ si þ di  Ji _xei
¼ Hiðxi; _xeiÞhi þ si þ di ð32Þ
The adaptive robust coordinated controller is designed as
si ¼ Hiðxi; _xeiÞh^i þ kð1Þi xei  kð2Þi zi  kð3Þi tanh zi=p2i
	 
 ð33Þ
_^
hi ¼ CiHTi ðxi; _xeiÞzi ð34Þ
d
dt
p2i ¼ 3akð3Þi p2i ð35Þ
where h^i is the estimation value of hi; k
ð1Þ
i > 0;
k
ð2Þ
i > 0; k
ð3Þ
i > 0;Ci is a 6 · 6 symmetric positive deﬁnite
matrix, and parameter pi is time-varying subject to pi(0) > 0.
xei and zi are deﬁned in Section 3.
Theorem 2. Consider the system (1) and (2) with di „ 0 while
Ji is unknown. The controller is designed as Eqs. (33)–(35).
Suppose k
ð3Þ
i > dMi, the spacecraft form a tree network, and
the initial relative attitude of the ith and jth spacecraft
satisﬁes Eq. (17) for any (i, j) 2 1, 1 6 i, j 6 n. Then
the attitude coordination of the SFF system Eqs. (1) and
(2) is achieved, i.e., xiﬁ 0 and Riﬁ Rj for any 1 6 i,
j 6 n as tﬁ1.
Proof. Consider the following Lyapunov function:
V ¼ 1
2
Xn
i¼1
zTi Jzi þ
k
ð1Þ
i
2
Xn
i¼1
Xn
j¼1
cije
2
ij þ
Xn
i¼1
p2i þ
1
2
Xn
i¼1
~hTi C
1
i
~hi ð36Þ
where ~hi ¼ hi  h^i. The derivative of V follows
_V¼
Xn
i¼1
zTi J _ziþ
k
ð1Þ
i
2
d
dt
Xn
i¼1
Xn
j¼1
cije
2
ijþ
Xn
i¼1
d
dt
p2i 
Xn
i¼1
~hTi C
1
i
_^
hi
¼
Xn
i¼1
zTi Hiðxi; _xeiÞ~hiþkð1Þi xeikð2Þi zikð3Þi tanhðzi=p2i Þþdi
 
kð1Þi
Xn
i¼1
xTeixeikð1Þi
Xn
i¼1
zTi xei
Xn
i¼1
3akð3Þi p
2
i þ
Xn
i¼1
~hTi H
T
i zi
¼
Xn
i¼1
zTi kð2Þi zikð3Þi tanhðzi=p2i Þþdi
 
kð1Þi
Xn
i¼1
xTeixei3akð3Þi p2i
ð37Þ
From k
ð3Þ
i > dMi and Lemma 1, it follows kð3Þi zTi tanhðzi=p2i Þ þ zTi di 6
X3
l¼1
zi;l di;l  kð3Þi tanhðzi;l=p2i Þ
 
6 kð3Þi
X3
l¼1
jzi;lj 1 tanh zi;l=p2i
	 
	 
 ¼ 3akð3Þi p2i ð38Þ
where di = [di,1,di,2,di,3]
T,zi = [zi,1,zi,2,zi,3]
T. So we have
_V ¼
Xn
i¼1
zTi kð2Þi zi  kð3Þi tanh zi=p2i
	 
þ di 
 kð1Þi
Xn
i¼1
xTei xei  3akð3Þi p2i
6 kð1Þi
Xn
i¼1
xTei xei  kð2Þi
Xn
i¼1
zTi zi ð39Þ
Let X be the largest invariant set in the set
X ¼ ðR1;R2;    ;Rn;x1;x2;    ;xnÞ : _V ¼ 0
 
. On X we have
xei = zi = 0, so xi = 0 from Eq. (11) for any 1 6 i 6 n.
Because the spacecraft form a tree network, it follows that
RTj Ri  RTi Rj
 _
¼ 0 in the set X. According to the proof of
Theorem 1, Riﬁ Rj for any 1 6 i, j 6 n as tﬁ1 if Eq. (17)
is satisﬁed. Therefore, we obtain that xi ! 0 and Riﬁ Rj for
any 1 6 i, j 6 n as tﬁ1 by using LaSalle’s invariance princi-
ple. h
Remark 4. It can be seen that the potential problem with the
controller Eqs. (33)–(35) is that pi(t) may converge to zero
before zi decays. Then the chattering phenomenon may
appear in the closed-loop system because tanhðzi=p2i Þ ¼
½sgnðzi;1Þ; sgnðzi;2Þ; sgnðzi;3ÞT. In practice, we can choose a
small enough k3 to avoid the potential chattering problem.
Moreover, the controller Eqs. (33)–(35), is continuous and
robust to disturbances and model uncertainties, which is differ-
ent from the sliding mode control in Refs.12,13.5. Attitude coordinated control with input constraint, model
uncertainties, and external disturbances
It should be noted that Sections 3 and 4 do not consider the
problem with input constraint. In practice, actuators of space-
craft can only apply limited control torque. If input constraint
is not considered in the design of a controller, the control effect
would be bad, even the states of the closed-loop system would
diverge. In this section, a command ﬁltered backstepping
adaptive robust controller is proposed to overcome input con-
straint, model uncertainties, and external disturbances.
The controller is designed as
si ¼ sat s0i
	 
 ð40Þ
s0i ¼ Hiðxi; _xeiÞh^i þ kð1Þi zTi xei
zi  ni
zi  nik k2
 kð2Þi zi  kð3Þi tanh ðzi  niÞ=q2i
	 
 ð41Þ
_^
hi ¼ CiGTi ðxi; _xei; _niÞðzi  niÞ ð42Þ
J^i _ni ¼ kð2Þi ni þ si  s0i
	 
 ð43Þ
d
dt
q2i ¼ 3akð3Þi q2i ð44Þ
Autonomous attitude coordinated controlfor spacecraft formation 607where Giðxi; _xei; _niÞ ¼ Hiðxi; _xeiÞ þ T2ð _niÞ and Ji _xei þ Ji _niþ
xiJi _xei ¼ Giðxi; _xeiÞhi; h^i is the estimation value of hi;
k
ð1Þ
i > 0; k
ð2Þ
i > 0; k
ð3Þ
i > 0; Ci is a 6 · 6 symmetric positive deﬁ-
nite matrix; ni is the output of the command ﬁlter; parameter qi
is time-varying subject to qi(0) > 0. The sat function is deﬁned
as sat( y) = [sat(y1), sat(y2), sat(y3)]
T and
satðyiÞ ¼
y0 yi > y0
yi jyij < y0
y0 yi < y0
8><
>: ð45Þ
where, for i= 1,2,3, y0 > 0 is the bound of the sat function.
Then we have
Jið _zi  _niÞ ¼ xi Jixi þ si þ di  Ji _xei  Ji _ni
¼ xi Jixi þ si þ di  Ji _xei J^i _ni ~Ji _ni
¼ Hiðxi; _xeiÞhi þ si þ di J^i _ni  T2ð _niÞ~hi
¼ Hiðxi; _xeiÞhi  T2ð _niÞ~hi þ di þ kð2Þi ni þ s0i
¼ Gi~hi þ kð1Þi zTi xei
zi  ni
zi  nik k2
 kð2Þi ðzi  niÞ
 kð3Þi tanhððzi  niÞ=q2i Þ þ di ð46ÞTheorem 3. Consider the system Eqs. (1) and (2) with input
constraint, di „ 0, Ji is unknown, and the controller in Eqs. (40)–
(44). Suppose k
ð3Þ
i > dMi, the spacecraft form a tree network, the
initial relative attitude of the ith and jth spacecraft satisﬁes Eq.
(17) for any (i, j) 2 1, 1 6 i, j 6 n, and no input saturation
occurs after ﬁnite time. Then attitude coordination of the SFF
system Eqs. (1) and (2) is achieved, i.e., xiﬁ 0 and Riﬁ Rj for
any 1 6 i, j 6 n as tﬁ1.
Proof. Consider the following Lyapunov function:
V ¼ 1
2
Xn
i¼1
ðzi  niÞTJðzi  niÞ þ
k
ð1Þ
i
2
Xn
i¼1
Xn
j¼1
cije
2
ij þ
Xn
i¼1
q2i
þ 1
2
Xn
i¼1
~hTi C
1
i
~hi ð47Þ
The time derivative of V follows
_V ¼
Xn
i¼1
ðzi  niÞTJð _zi  _niÞ  kð1Þi
Xn
i¼1
xTei xei  kð1Þi
Xn
i¼1
zTi xei
þ
Xn
i¼1
d
dt
q2i þ
Xn
i¼1
~hTi C
1
i
_~hi
¼
Xn
i¼1
ðzi  niÞT Gi~hi þ kð1Þi zTi xei
zi  ni
kzi  nik2
 kð2Þi ðzi  niÞ
"
kð3Þi tanh ðzi  niÞ=q2i
	 
þ dii
 kð1Þi
Xn
i¼1
xTeixei  kð1Þi
Xn
i¼1
zTi xei þ
Xn
i¼1
d
dt
q2i 
Xn
i¼1
~hTi C
1
i
_^
hi
¼ kð2Þi
Xn
i¼1
ðzi  niÞTðzi  niÞ 
Xn
i¼1
ðzi  niÞTGi~hi
þ
Xn
i¼1
ðzi  niÞT kð3Þi tanhððzi  niÞ=q2i Þ þ di
 
 kð1Þi
Xn
i¼1
xTei xei 
Xn
i¼1
3akð3Þi q
2
i þ
Xn
i¼1
~hTi G
T
i ðzi  niÞ
ð48ÞFrom Eq. (38), we have that
_V ¼ kð1Þi
Xn
i¼1
xTeixei  kð2Þi
Xn
i¼1
ðzi  niÞTðzi  niÞ
þ
Xn
i¼1
ðzi  niÞT kð3Þi tanhððzi  niÞ=q2i Þ þ di
 

Xn
i¼1
3akð3Þi q
2
i
6 kð1Þi
Xn
i¼1
xTeixei  kð2Þi
Xn
i¼1
ðzi  niÞTðzi  niÞ
þ
Xn
i¼1
3akð3Þi q
2
i 
Xn
i¼1
3akð3Þi q
2
i
¼ kð1Þi
Xn
i¼1
xTeixei  kð2Þi
Xn
i¼1
ðzi  niÞTðzi  niÞ 6 0
ð49Þ
Using LaSalle’s invariance principle, it is shown thatlim
t!1
xeiðtÞ ! 0 ð50Þ
lim
t!1
ziðtÞ  niðtÞ ! 0 ð51Þ
If no input saturation occurs after ﬁnite time, i.e.,
si  s0i ¼ 0, from the command ﬁlter system Eq. (43) we can
obtainlim
t!1
niðtÞ ! 0 ð52Þ
So xei,ziﬁ 0 and xi ! 0 as time goes on. Because the space-
craft form a tree network, it follows that ðRTj Ri  RTi RjÞ
_ ¼ 0
in the set X. According to the proof of Theorem 1, Riﬁ Rj
for any 1 6 i, j 6 n as tﬁ1 if Eq. (17) is satisﬁed. Therefore,
we obtain that xiﬁ 0 and Riﬁ Rj for any 1 6 i, j 6 n as
tﬁ1. h6. Numerical simulations
Numerical simulations are presented in this section to study
the performances of the proposed formation control strate-
gies. The simulations are based on MATLAB/Simulink with
a variable-step ode45 solver. A scenario with four spacecraft
is considered. To investigate and compare the proposed
approaches, the simulations of the controllers are carried
out with the same conditions.6.1. Simulation parameter settings
In the simulations, when the ideal coordinated controller Eq.
(14) is implemented, we set disturbance di = 0. When the con-
troller Eqs. (33)–(35) and the controller Eqs. (40)–(44) are per-
formed, we set di in the following form, in which the major
environmental torque, gravity gradient torque, is considered.
That is,35where l is the gravitational constant of the Earth;
ri is the distance between the ith spacecraft and the Earth,
di ¼
3l
r3i
J
ð33Þ
i  Jð22Þi
 
sin/i cos/i cos
2 #i  Jð23Þi cos2 #iðsin2 ui  cos2 uiÞ þ Jð13Þi sin/i sin#i cos#i  Jð12Þi sin#i cos#i cos/i
h i
3l
r3i
J
ð33Þ
i  Jð11Þi
 
cosui sin#i cos#i  Jð13Þi ðcos2 ui cos2 #i  sin2 #iÞ  Jð12Þi cos2 #i sinui cosui  Jð23Þi sin#i cos#i cos/i
h i
3l
r3i
J
ð11Þ
i  Jð22Þi
 
sin#i cos#i sinui  Jð12Þi ðsin2 #i  sin2 ui cos2 #iÞ þ Jð23Þi sin#i cos#i cosui þ Jð13Þi sinui cosui cos2 #i
h i
2
66666664
3
77777775
ð53Þ
608 Z. Zheng, S. Songwhich is assumed to be 7200 km in the simulations; #i, ui, and
/i are the Euler angles of the rotation matrix Ri with 3-2-1
rotation. An actuator fault may occur for complex space envi-
ronment and frequent operations. We consider thruster degra-
dation in the simulations to verify the effectiveness of the
proposed controllers. In this case, the effectiveness of the
thrusters can only supply 70% of the actuation after 10 s. It
shows that satisfactory performance and smooth trajectory
tracking are still obtained with the proposed three controllers.
The inertia matrix for each spacecraft and the initial rota-
tion matrix of each spacecraft are shown in Tables 1 and 2,
respectively. The initial angular velocities of the four spacecraft
are x1(0) = [0.08,0,0]
T rad/s, x2(0) = [0,0.1,0]
T rad/s,Table 2 Initial values of rotation matrices.
Initial rotation matrix Value of parameters
R1(0) 0:2887 0:4082 0:8660
0:8165 0:5774 0
0:5 0:7071 0:5
2
4
3
5
R2(0) 1 0 0
0 1 0
0 0 1
2
4
3
5
R3(0) 1 0 0
0 0:9998 0:0175
0 0:0175 0:9998
2
4
3
5
R4(0) 0:2887 0:4082 0:8660
0:8165 0:5774 0
0:5 0:7071 0:5
2
4
3
5
Table 1 Values of spacecraft inertia matrices.
Inertia matrix Value of parameters
J1(kg Æ m
2) 22:7 0:2 0:5
0:2 23:3 0:3
0:5 0:3 24:3
2
4
3
5
J2(kg Æ m
2) 27:7 0:2 0:5
0:2 28:3 0:3
0:5 0:3 29:3
2
4
3
5
J3(kg Æ m
2) 32:7 0:2 0:5
0:2 33:3 0:3
0:5 0:3 34:3
2
4
3
5
J4(kg Æ m
2) 37:7 0:2 0:5
0:2 38:3 0:3
0:5 0:3 39:3
2
4
3
5x3(0) = [0,0,0.06]
T rad/s, and x4(0) = [0.05,0.05,0]
T rad/s.
The weighted adjacency matrixC of each controller is chosen as
C ¼ ½cijnn ¼
0 0:12 0:12 0:12
0:12 0 0 0
0:12 0 0 0
0:12 0 0 0
2
6664
3
7775 ð54Þ
Parameters of the controller Eq. (14) are selected as k1 = 1
and k2 = 2; parameters of the controller Eqs. (33)–(35) are
selected as k
ð1Þ
i ¼ 1; kð2Þi ¼ 2; kð3Þi ¼ 103, Ci = 200I6, and the
initial values of h^i and p
2
i are chosen as h^ið0Þ ¼ ½15þ
i; 0; 0; 16þ i; 0; 17þ iT and p2i ð0Þ ¼ 0:5 for 1 6 i 6 4; parame-
ters of the controller Eqs. (40)–(44) are selected as
k
ð1Þ
i ¼ 1; kð2Þi ¼ 2, kð3Þi ¼ 103, Ci = 10I6, and the initial values
of h^i, ni, and p
2
i are chosen as h^ið0Þ ¼ ½15þ i; 0; 0;
16þ i; 0; 17þ iT for 1 6 i 6 4, ni(0) = [0.5,0.5,0.5]T, and
p2i ð0Þ ¼ 0:5. The maximum control torque of the spacecraft
formation is restricted to be 1 N Æ m, i.e., the control torque
is subjected to isii1 6 1 N Æ m.
6.2. Simulation results
To investigate the performances of the proposed ideal control-
ler Eq. (14), the robust adaptive controller Eq. (33)–(35) and
the ﬁltered robust adaptive controller Eqs. (40)–(44), the for-
mation-keeping attitude error metric (FKAEM)16 is deﬁned as
FKAEM ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃXn1
i¼1
Xn
j¼iþ1
ðRTj Ri  RTi RjÞ
_ 2
vuut ð55Þ
which presents the attitude synchronization error of SFF. The
angular velocity error metric (AVEM)16 is deﬁned as
AVEM ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃXn1
i¼1
Xn
j¼iþ1
kxi  xjk2
vuut ð56Þ
which presents the angular velocity synchronization error of
SFF.
The scalar measure of attitude is given by the rotation angle
ri(t) about an eigenaxis needed to rotate the ith spacecraft
from its body frame to the inertial frame, which is given as31
riðtÞ ¼ arccosð0:5ðtrðRiðtÞÞ  1ÞÞ ð57Þ
In the implementation of the ideal coordinated controller, it
is assumed that di = 0 and the inertia matrix of spacecraft in
Table 1 is known. Then we consider the more realistic case
where the disturbance di is not zero and the inertia matrix Ji
Autonomous attitude coordinated controlfor spacecraft formation 609is unknown. The robust adaptive coordinated controller is
applicable to this case, so it is implemented subsequently.
Finally, we consider the case where the control torque is con-
strained, the disturbance di is not zero, and the inertia matrix Ji
is unknown. We implement the ﬁltered robust adaptive con-
troller into this case.
The simulation results of the formation system with the
controller Eq. (14) are shown in Figs. 1–4. Fig. 1 gives the
responses of ri (t). We can ﬁnd that the rotation angle ri(t)Fig. 1 Responses of rotation angles of spacecraft with the
controller Eq. (14).
Fig. 2 Responses of angular velocities of spacecraft with the
controller Eq. (14).
Fig. 3 Responses of control torques of spacecraft with the
controller Eq. (14).
Fig. 4 Responses of FKAEM, AVEM, and Lyapunov function
with the controller Eq. (14).of the ith spacecraft about the eigenaxis converges to a com-
mon value from Fig. 1. This shows that the attitude synchro-
nization of the SFF system is achieved. The responses of the
angular velocities of the spacecraft are shown in Fig. 2, where
(xi)x, (xi)y, and (xi)z denote the component of xi along the X
axes, Y axes, and Z axes. It can be found that the angular
velocities decay to zero as time goes on. Fig. 3 demonstrates
the responses of the control torques of the spacecraft and the
control torques are less than 1 N Æ m, where (si)x, (si)y, and
(si)z denote the component of si along the X axes, Y axes,
and Z axes. The responses of FKAEM, AVEM, and the
Lyapunov function Eq. (18) are shown in Fig. 4. We can ﬁnd
that FKAEM, AVEM, and the Lyapunov function converge
to zero.
The simulation results with the controller Eqs. (33)–(35) are
shown in Figs. 5–9 . Fig. 5 gives the responses of the rotation
angle ri(t). We can ﬁnd that the rotation angle ri(t) of the ith
spacecraft about the eigenaxis converges to a common value of
about 80 from Fig. 5. This shows that the attitude synchroni-
zation of the SFF system is achieved eventually. The responses
of the angular velocities of the spacecraft are shown in Fig. 6.
It can be found that the angular velocities decay to zero as time
goes on. Fig. 7 demonstrates the responses of the control tor-
ques of the spacecraft and the maximum control torque is
beyond 1 N Æ m, which is the maximum control torque that
the actuators of spacecraft can provide. The reason is that
the control constraint is not considered in the controller Eqs.
(33)–(35). The responses of FKAEM, AVEM, and the Lyapu-
nov function Eq. (36) are shown in Fig. 8. We can ﬁnd thatFig. 5 Responses of rotation angles of spacecraft with the
controller Eqs. (33)–(35).
Fig. 6 Responses of angular velocities of spacecraft with the
controller Eqs. (33)–(35).
Fig. 7 Responses of control torques of spacecraft with the
controller Eqs. (33)–(35).
Fig. 8 Responses of FKAEM, AVEM, and Lyapunov function
with the controller Eqs. (33)–(35).
Fig. 9 Responses of adaptive parameters with the controller
Eqs. (33)–(35).
Fig. 10 Responses of rotation angles of spacecraft with the
controller Eqs. (40)–(44).
Fig. 11 Responses of angular velocities of spacecraft with the
controller Eqs. (40)–(44).
610 Z. Zheng, S. SongFKAEM and AVEM converge to zero ultimately. The Lyapu-
nov function converges to a small positive value because the
error of adaptive parameters does not converge to zero. Adap-
tive parameters h^i ¼ ½h^i1; h^i2; . . . ; h^i6T converge to constants
eventually, which can be seen in Fig. 9.The simulation results with the controller Eqs. (40)–(44) are
shown in Figs. 10–15. Fig. 10 gives the responses of the rotation
angle ri(t). We can ﬁnd that the rotation angle ri(t) of the ith
spacecraft about the eigenaxis converges to a common value
from Fig. 10. This shows that the attitude synchronization of
the SFF system is achieved eventually. The responses of the
angular velocities of the spacecraft are shown in Fig. 11. It
Fig. 12 Responses of control torques of spacecraft with the
controller Eqs. (40)–(44).
Fig. 13 Responses of FKAEM, AVEM, and Lyapunov function
with the controller Eqs. (40)–(44).
Fig. 14 Responses of adaptive parameters with the controller
Eqs. (40)–(44).
Fig. 15 Responses of ni with the controller Eqs. (40)–(44).
Autonomous attitude coordinated controlfor spacecraft formation 611can be found that the angular velocities decay to zero as time
goes on. Fig. 12 demonstrates the responses of the control tor-
ques of the spacecraft and the control torques are less than
1 N Æ m, so the control constraint is satisﬁed in the controller
Eqs. (40)–(44). The responses of FKAEM, AVEM, and the
Lyapunov function Eq. (47) are shown in Fig. 13. We can ﬁnd
that FKAEM and AVEM converge to zero ultimately. TheLyapunov function converges to a small positive value because
the error of adaptive parameters does not converge to zero.
Adaptive parameters h^i ¼ ½h^i1; h^i2;    ; h^i6
T
converge to a con-
stant vector eventually, which can be seen from Fig. 14. The
responses of the ﬁlter ni are shown in Fig. 15. We can observe
that ni converges to zero quickly.
7. Conclusions
(1) An ideal attitude coordinated control scheme of SFF by
using the backstepping technology is proposed and
asymptotical stability conditions are obtained by using
LaSalle’s invariance principle and the algebraic proper-
ties of the rotation matrix.
(2) A robust adaptive backstepping coordinated controller
is investigated to tackle the case with external distur-
bances and model uncertainties. An adaptive updating
law is implemented to solve model uncertainties and a
hyperbolic tangent function term is designed to inhibit
disturbances. A proper Lyapunov function is chosen to
prove the asymptotical stability.
(3) A ﬁltered robust adaptive backstepping coordinated
controller is presented to overcome input constraint,
model uncertainties, and external disturbances. A com-
mand ﬁlter is implemented to deal with input constraint.
The asymptotical stability analysis is solved by choosing
a reasonable Lyapunov function in the presence of
input constraint, model uncertainties, and external
disturbances.
(4) Numerical simulations are performed to analyze the
effectiveness of the proposed controllers. The results
demonstrate that spacecraft can realize synchronization
of attitude and angular velocity by the proposed control-
lers in different cases.Acknowledgements
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